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Abstract
We used the Laguerre polynomials method for determination of the proton structure
function in the valon model. We have examined the applicability of the valon model
with respect to a very elegant method, where the structure of the proton is determined by
expanding valon distributions and valon structure functions on Laguerre polynomials. We
compared our results with the experimental data, GJR parameterization and DL model.
Having checked, this method gives a good description for the proton structure function
in valon model.
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1. Introduction
Structure functions in lepton-nucleon deep-inelastic scattering (DIS) are the established ob-
servables probing Quantum Chromodynamics (QCD), the theory of the strong interaction, and
in particular the structure of the nucleon. The structure functions provide unique information
about the deep structure of the hadrons and most importantly, they form the backbone of
our knowledge of the parton densities. In QCD, structure functions are defined as convolution
of the universal parton momentum distributions inside the proton and coefficient functions,
which contain information about the boson-parton interaction. The parton distributions in
proton have been studied extensively in a wide range of both x and Q2, as they are accurate
but inconvenient to describe analytically. Here we elaborate on the valon model that can be
very useful in the study of hadronic structure, in particular when the experimental data are
scarce. A valon has its own cloud of partons which can be calculated in pQCD. This structure
is universal and independent of the hosting hadron [1-2].
The valon model [1-4] is a phenomenological model which is proven to be very useful in its
application to many areas of the hadron physics. A valon is defined to be a dressed valence
quark in QCD with a cloud of gluons and sea quarks and antiquarks. Its structure can be
resolved at high enough Q2 probes. In the scattering process the virtual emission and absorp-
tion of gluon in a valon becomes bremsstrahlung and pair creation, which can be calculated in
QCD. At sufficiently low Q2 the internal structure of a valon cannot be resolved and hence, it
behaves as a structureless valence quark. At such a low value of Q2, the nucleon is considered
as bound state of three valons, UUD for proton. The binding agent is assumed to be very
soft gluons or pions. Let us denote the distribution of a valon in a nucleon by G v
N
(y) for each
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valon v. It satisfies the normalization condition,
∫ 1
0 G vN (y)dy = 1 and the momentum sum rule
∑
v
∫ 1
0 G vN (y)dy = 1, where the sum runs over all valons in nucleon N . The organization of
the paper is as follows; in section 2 we will give a brief description of the valon model. In
section 3 we consider the Laguerre polynomials method which this work is based on, then we
will calculate the nucleon structure in terms of the valon distributions and the valon structure
functions on Laguerre polynomials. Finally, in section 4, the numerical calculations will be
outlined; then we discuss some qualitative implications of the Laguerre polynomials method on
the structure of the nucleon in valon model.
2. Valon distribution and Valon structure function
In the preceding section, we discussed the valon structure of a nucleon. In this subsection we
will give the distributions in a valon. The nucleon structure function is related to the valon
structure function by the convolution theorem as follows [1-5],
FN2 (x,Q
2) =
∑
v
∫ 1
x
G v
N
(y)F v2 (
x
y
,Q2)
dy
y
(1)
where the summation is over the three valons, and G v
N
(y) is the probability of finding a valon
that carrying momentum fraction y of the hadron, and also F v2 (
x
y
, Q2) is the structure function
of a valon. The structure function of a U-type valon can be written as:
FU2 (z, Q
2) =
4
9
z(G u
U
+G u¯
U
) +
1
9
z(G d
U
+G d¯
U
+G s
U
+G s¯
U
), (2)
where G’s are valence and sea quark distribution functions, and defined the probability function
for v-valon to have a momentum fraction z in the nucleon. A similar expression can be written
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for the D-type valon. Structure of a valon can be written in terms of favored distribution (Gf )
and unfavored distribution (Gnf), as for D and U valon structure functions we have [1-5]
FU2 (z, Q
2) =
4
9
z[Gf (z, Q
2) + 2Gnf(z, Q
2)]. (3)
FD2 (z, Q
2) =
1
9
z[Gf (z, Q
2) + 11Gnf(z, Q
2)], (4)
or
FU2 (z, Q
2) =
2
9
z[GS(z, Q2) +GNS(z, Q2)], (5)
FD2 (z, Q
2) =
1
9
z[2GS(z, Q2)−GNS(z, Q2)], (6)
where GSand GNS are defined by singlet and nonsinglet components respectively. The relation
between favored and unfavored distributions with singlet and nonsinglet distributions have the
following forms:
Gf =
1
2f
[GS + (2f − 1)GNS], (7)
Guf =
1
2f
[GS −GNS], (8)
where f is number of active flavors (f=3 or f=4). In the momentum representation we have
M2(n,Q
2) =
∫ 1
0
xn−2F2(x,Q
2)dx, (9)
and
Mα(n,Q
2) =
∫ 1
0
xn−1Gα(x,Q
2)dx (10)
where α = v
N
, S,NS. In order to estimate of the structure function momentums, inserting
Eqs.(9) and (10) in Eq. (1), as we obtain:
Mp(n,Q2) =
∑
v
M v
p
(n)Mv(n,Q2). (11)
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We assume a general parameterization form for U and V valons as follows:
GUUD
p
(y1, y2, y3) = α(y1y2)
ayb3δ(y1 + y2 + y3 − 1), (12)
where a and b are the two free parameters that can be evaluated from the experimental data,
and also α is a normalization coefficient. Here yi is the momentum fraction of the i
,th valon.
The U - andD-type valon distributions can be obtained by integration over the specified variable
as:
GU
p
(y) =
∫
dy2dy3GUUD
p
(y, y2, y3) = B(a+ 1, a+ 2, 2)
−1ya(1− y)a+b+1, (13)
GD
p
(y) =
∫
dy1dy2GUUD
p
(y1, y2, y) = B(b+ 1, 2a+ 2)
−1yb(1− y)2a+1, (14)
where B(m,n) is the Euler beta- function. The normalization factor has been fixed by requiring
∫ 1
0
GU
P
(y)dy =
∫ 1
0
GD
P
(y)dy = 1. (15)
Consequently, the moments of theses valon distributions are calculated [1-6] according to the
Mellin transformation from Eq.(10) for nucleon
U(n) =
B(a + n, a+ b+ 2)
B(a + 1, a+ b+ 2)
, (16)
D(n) =
B(b+ n, 2a+ 2)
B(b+ 1, 2a+ 2)
, (17)
with a = 0.65 and b = 0.35. Therefore, the valon distributions can be obtained as,
GU
p
= 7.98y0.65(1− y)2, (18)
GD
p
= 6.01y0.35(1− y)2.3. (19)
Now, we can go to the N-moment space for define the moments of these quark distribution
functions (valence, sea , and gluons)[5,7-8] as:
Muv(n, s) = 2U(n)M
NS(n, s), (20)
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Mdv(n, s) = D(n)M
NS(n, s), (21)
Msea(n, s) = (2f)
−1[2U(n) +D(n)][MS(n, s)−MNS(n, s)], (22)
Mg(n, s) = [2U(n) +D(n)]Mgq(n, s), (23)
where MS and MNS are the moments of the singlet and nonsinglet valon structure functions
and Mgq(n, s) is the quark-to-gluon evolution function and defined into dNS, d+(−), dgq and ρ
where they are anamolus dimensions [1-2,5,7-8] as follows:
MNS(n, s) = e−dNSs, (24)
MS(n, s) =
1
2
(1+ρ)e−d+s+
1
2
(1−ρ)e−d−s, Mgq(n, s) = (d+−d−)
−1dgq[e
−d+s
−e−d−s]. (25)
Here, s is defined by:
s = ln[
ln(Q
2
Λ2
)
ln(
Q2
0
Λ2
)
], (26)
where Q20 and Λ are our initial scales. In determining of the parton distributions, we have used
a fit to a set of the experimental data [9-10] for a single value of s or Q2. Then we fit the
moments by a beta function that are the moments of the forms [3-4,6]:
xqv(x) = a(1− x)
bxc, (27)
xqi(x) = aix
bi(1− x)ci(1 + dix+ eix
0.5), (28)
where, the subscript i stand for sea or gluon, and xqi
,s are the sea and gluon distribution
functions. The free parameters in Eqs.(27) and (28) are further considered to be functions of
s, as they are given in the Appendix. Therefore we obtained the parton distributions for any
valon that can be used in the valon structure function.
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3. Laguerre Polynomials to valon model
So far, the structure of a nucleon into the valon distributions is determined. Now we will use an
elegant and fast numerical method for determination of the proton structure function in valon
model. Therefore, we concentrate on the Laguerre polynomials in our determinations. In the
laguerre polynomials method [11-12], the Laguerre polynomials are defined as:
(n+ 1)Ln+1(x) = (2n+ 1− x)Ln(x)− nLn−1(x), (29)
and orthogonality condition is defined as:
∫
∞
0
e−x´Ln(x´)Lm(x´)dx´ = δn,m. (30)
The general integrable function f(e−x´) is transformed into the sum:
f(e−x´) =
N∑
0
f(n)Ln(x´), (31)
where
f(n) =
∫
∞
0
e−x´Ln(x´)f(e
−x´)dx´. (32)
In what follows we want to calculate the proton structure function in valon model using the
Laguerre polynomials method. We used the variable transformations, x = e−x´ , y = e−y´ to
get the valonic structure function form to the Laguerre polynomials form. Then, we combined
and expand each term of this equation on Laguerre polynomials according to Eqs.(31)-(32) and
using this properties as:
∫ x´
0
dy´Ln(x´− y´)Lm(y´) = Ln+m(x´)− Ln+m+1(x´). (33)
We obtained an equation which determines F p2 (x,Q
2) in terms of the Laguerre polynomials,
namely:
F
p
2 (n,Q
2) =
∑
v
n∑
m=0
G˜ v
p
(m)[F v2 (n−m,Q
2)− F v2 (n−m− 1, Q
2)], (34)
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where
F v2 (n,Q
2) =
∫
∞
0
dx´e−x´F v2 (e
−x´, Q2)Ln(x´), (35)
and
G˜ v
p
(m) =
∫
∞
0
dy´e−y´G v
p
(e−y´)Lm(y´), (36)
as F v2 (x) is defined according to Eqs.(3) and (4) which are accompanied with respect to Eqs.(27)
and (28) and their coefficients according to appendix, and also G v
p
(y) is defined according to
Eqs.(18) and (19) respectively. Therefore we find the solution of the proton structure function
in valon model defined by solving this recursion relation as:
F
p
2 (x,Q
2) =
N∑
n=0
F
p
2 (n,Q
2)Ln(Ln
1
x
), (37)
where F p2 (n,Q
2) is the proton structure function with respect to the Laguerre model and its
defined by Eqs.(34)-(36) as the coefficients in these equations are obtained with respect to the
valon model. This result is completely general and gives the expression for the proton structure
function with respect to the Laguerre polynomials model. Here we can expand the integrable
functions till a finite order N = 30, as we can convergence these series in the numerical deter-
minations.
4. Results and Discussion
We computed the predictions for all detail of the proton structure function in the kinematic
range where it has been measured by H1 Collaboration [9-10] and compared with DL model
[13-15] based on hard Pomeron exchange, and with GJR parametrization[16]. Our numerical
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predictions are presented as functions of x for the Q2 =22.5 GeV 2. The results are presented
in Fig.1 where they are compared with the H1 data and with the results obtained with the
help of other standard parameterizations. The curves represent the proton structure functions
based on a fit to all data. We compared our results with predictions of F p2 in perturbative
QCD where the input densities are given by GJR parameterizations [16]. Also, we compared
our results with the two pomeron fits as seen in Fig.1. The agreement between the Laguerre
polynomials method for the proton structure function in valon model and data at low and
high -x is remarkably good, as at low x the gluon distributions are dominate. Therefore, the
good agreement indicates that the Laguerre polynomials method in valon model for the proton
structure function has a good asymptotic behavior and it is compatible with both the data and
the other standard models at x values. As this model has this advantage that we get a very
elegant solution for the proton structure function. Fig.2 shows the shape of the distribution
functions in Eqs.(27) and (28) for the valence and the sea quarks at Q2 = 22.5GeV 2.
In summary, we have used the Laguerre polynomials method to describe the proton structure
function in valon model. The proton structure can be determined in terms of the valon distri-
butions and the valon structure functions with respect to Laguerre polynomials. To confirm
the method and results, the calculated values are compared with the H1 data on the proton
structure function. It is shown that, there is a good agreement with experimental H1 data for
F
p
2 , if one takes into the total errors, and is consistent with a higher order QCD calculations of
F
p
2 which essentially show increase as x decreases. We observed that the calculations results are
consistent with the two pomeron model. Thus implying that Regge theory and perturbative
evolution may be made compatible at small-x. Also this model gives a good description of the
parton distributions at low and high- x values.
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Appendix
Here we will give the functional form of parameters of Eqs.(27)-(28) by the following forms in
terms of s. Coefficients for u valance in U valon are:
au = 16.860− 8.382s+ 1.352s
2,
bu = 1.775 + 0.693s+ 0.014s
2,
and
cu = 1.794− 0.699s+ 0.104s
2.
Coefficients for d valance in D valon are:
ad = 13.119− 8.66s+ 1.65s
2,
bd = 7.129− 3.5s+ 0.901s
2,
and
cd = 1.971− 0.9502s+ 0.163s
2.
Coefficients for sea quarks in each valon are:
asea = −0.206 + 0.190s− 0.022s
2,
bsea = −0.884 + 0.484s− 0.104s
2,
csea = 12.089− 4.532s+ 0.939s
2,
dsea = −2.564 + 5.937s− 1.531s
2,
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and
esea = −8.623 + 4.9823s− 1.123s
2.
Coefficients for gluons in each valon are:
agluon = 13.8745− 22.3304s+ 12.7885s
2
− 2.4801s3,
bgluon = 4.6810− 8.4594s+ 4.7656s
2
− 0.9209s3,
cgluon = −24.5652 + 50.4661s− 30.147s
2 + 6.0738s3,
dgluon = −0.8839 + 0.0403s− 0.0174s
2.
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Figure 1: Comparing of the proton structure function by using the Laguerre polynomials in
valon model, with the experimental data [9-10] and DL model [13-15] and GJR parameterization
[16] at Q2 = 22.5GeV 2.
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Figure 2: Comparing of the parton distributions in proton with GJR parameterization [16] at
Q2 = 22.5GeV 2.
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